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We compute curvature-dependent graviton correlation functions and couplings as well as the full
curvature potential f(R) in asymptotically safe quantum gravity coupled to scalars. The setup is
based on a systematic vertex expansion about metric backgrounds with constant curvatures initiated
in [1] for positive curvatures. We extend these results to negative curvature and investigate the
influence of minimally coupled scalars. The quantum equation of motion has two solutions for all
accessible numbers of scalar fields. We observe that the solution at negative curvature is a minimum,
while the solution at positive curvature is a maximum. We find indications that the solution to the
equation of motions for scalar-gravity systems is at large positive curvature, for which the system
might be stable for all scalar flavours.
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I. INTRODUCTION
Asymptotically safe gravity [2] is a highly interesting
candidate theory for quantum gravity. It relies on an
interacting ultraviolet (UV) fixed point of the renormal-
isation group (RG) flow, the Reuter fixed point [3]. It
renders the high-energy behaviour of gravity finite. For
reviews see [4–10].
The physics of asymptotically safe gravity is encoded
in the full, diffeomorphism invariant quantum effective
action of the theory, Γ[g]. Its n-point functions, eval-
uated on the quantum equations of motion (EoM), de-
scribe graviton correlation functions, from which general
observables can be constructed. Accordingly, the knowl-
edge of the quantum EoM is chiefly important for com-
puting observables. However, the quantum EoM is also
very interesting by itself as it provides the non-trivial dy-
namical background metric, pivotal for the physics of the
early universe, inflation and a resolution of the cosmolog-
ical constant problem.
In most approaches to quantum gravity the diffeo-
morphism invariant action Γ[g] can only be computed
within a split of the full metric, typically a linear split
gµν = g¯µν + hµν . Here, g¯µν is a generic background
and hµν are quantum fluctuations about this background.
This leads us to an effective action Γ[g¯, h] with the dif-
feomorphism invariant action Γ[g] = Γ[g, 0]. In most ap-
proaches, the split is inevitable and allows to compute
the propagation and scattering of fluctuations h, hence
the quantum gravity effects, in terms of background co-
variant momentum modes. Accordingly, this choice is
part of a gauge fixing, and the gauge and background in-
dependence of the diffeomorphism invariant effective ac-
tion encode physical diffeomorphism invariance and are
hence chiefly important for quantum gravity approach.
Moreover, the diffeomorphism invariant effective action
can only be computed from the gauge-fixed correlation
functions of the fluctuation field. This is simple to see as
the latter carries the quantum fluctuations. While also
the correlation functions of the fluctuation field carry the
full quantum dynamics of the theory, it is rather diffi-
cult to directly construct observables from it. This leaves
us with the task to compute Γ[g] from the background-
dependent correlation functions of h.
In the present work, this is done with the functional
renormalisation group approach [11], leading to exact and
closed one-loop relations between full correlation func-
tions. While the background metric g¯µν can be kept
generic in these relations, it is technically challenging and
limits the size of the truncation. In almost all computa-
tions that disentangle background and fluctuation field,
a flat Euclidean background was chosen, see, e.g., [12–
18], which is technically highly advantageous, and the
computations resemble standard non-perturbative ones.
We emphasise that the correlation functions in the flat
background can be used to construct the diffeomorphism
invariant action. However, from the viewpoint of conver-
gence of an expansion in powers of h, an expansion about
or close to the minimal solution to the EoM is much
wanted, see [1, 19, 20]. Hence, getting access to Γ[g] and
the solutions to the EoM serves a twofold purpose. It
allows us to directly access the interesting physics ques-
tions mentioned above as well as answering the question
of how close the flat metric is to the full dynamical metric
that solves the EoM.
The computation of full, background-dependent corre-
lation functions of the fluctuation field, and the compu-
tation of the diffeomorphism invariant action from the
correlation functions of the fluctuation field has been ini-
tiated in [1]. There the f(R)-potential for backgrounds
with positive constant curvature has been computed, for
respective results within the background field approxima-
tion see, e.g., [21–39]. In the present work we extend the
computation to negatively curved backgrounds, which al-
lows us to study global minima. Moreover, we also study
the impact of matter fields to the system by adding min-
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2imally coupled scalar fields. Scalar-gravity systems have
attracted a lot of attention [40–58], in particular, since
these systems seemingly have a divergence in the Newton
coupling [40–43]. As discussed in [41, 59], this is expected
to be an artefact of the truncation. We discuss this issue
for the first time for curvature dependent couplings. In-
deed, we find indications that the best expansion point
for scalar-gravity systems is at large positive curvature,
which might solve the stability issues encountered in pre-
vious works.
This paper is structured as follows. In Sec.II be briefly
explain our ansatz for the graviton n-point functions and
the use of the functional renormalisation group (FRG).
In Sec. III we recap the approximation of the momen-
tum space on curved backgrounds, initiated in [1], and
describe the evaluation of traces of the Laplacian on pos-
itive and negative background curvatures. The fixed-
point solutions and their dependence on the number of
scalars are displayed in Sec. IV. In Sec. V we discuss the
background and the quantum EoM, their solutions and
their asymptotic behaviour. We summarise our findings
in Sec. VI.
II. GENERAL FRAMEWORK
We start from the gauged-fixed Einstein-Hilbert action
with Ns minimally coupled scalar fields,
SEH =
1
16piGN
∫
d4x
√
g (2Λ−R) + Sgf + Sgh
+
Ns∑
i=1
1
2
∫
d4x
√
g∇µϕi∇µϕi . (1)
The action in (1) is expanded about a maximally sym-
metric background metric with background curvature R¯.
The gauge fixing is given by
Sgf =
1
2α
∫
d4x
√
g¯ g¯µνFµFν ,
Sgh =
∫
d4x
√
g¯ g¯µµ
′
g¯νν
′
c¯µ′Mµνcν′ . (2)
with the Faddeev-Popov operatorMµν(g¯, h) of the gauge
fixing Fµ(g¯, h). We employ a linear, de-Donder type
gauge fixing,
Fµ = ∇¯νhµν − 1 + β
4
∇¯µhνν ,
Mµν = ∇¯ρ (gµν∇ρ + gρν∇µ)− ∇¯µ∇ν . (3)
We work with β = 0 and the Landau-deWitt gauge limit
α → 0, which is a fixed point of the RG flow [60], for
more details see e.g. [1, 59]. We use a linear split of the
full metric gµν abound a background g¯µν with constant
curvature and the fluctuation hµν ,
gµν = g¯µν +
√
ZhGN hµν . (4)
The fluctuation field is rescaled with a wave-function
renormalisation Zh and the Newton coupling GN. The
latter gives the field the mass dimension one. Note that
our setup also allows for expansions about more general
backgrounds. In the present work we restrict ourselves
to backgrounds with constant curvature for simplicity.
The main objective of this work is the computation of
the gauge-fixed correlation functions of the fluctuations
fields,
δnΓk[g¯,Φ]
δΦ1 · · · δΦn ≡ Γ
(Φ1...Φn)
k , (5)
where Φ = {hµν , cµ, c¯µ, ϕ}. These correlation functions
can be expanded in respective general tensor bases which
can be significantly reduced by Slavnov-Taylor or Ward
identities for the tensors. This reduces the general ten-
sor basis to one which can be mapped to the tensor ba-
sis derived from diffeomorphism invariant terms. In the
current work we only consider the leading classical ten-
sor structure for n-point functions, the Einstein-Hilbert
tensor structures derived by n metric derivatives from
(1). At each order we replace Newton’s coupling and
the cosmological constant by their corresponding level n
couplings Gn and Λn [1, 13, 14]. Their respective flow
equations are obtained by differentiating the Wetterich
equation [11, 61, 62] n times with respect to the fluctu-
ation field. The Wetterich equation with the given field
content is given by
∂tΓk =
1
2
TrGk,hh ∂tRk,h − TrGk,c¯c ∂tRk,c
+
1
2
TrGk,ϕϕ ∂tRk,ϕ , (6)
with the regularised fluctuation propagators
Gk,Φ1Φ2 =
[
1
Γ
(ΦΦ)
k +Rk
]
Φ1Φ2
. (7)
In (6), ∂t is the derivative with respect to RG-time
t = ln k/k0, where k0 is some reference scale. We trun-
cate and close the flow equations for the higher vertices
by setting G ≡ Gn≥3 and Λ4 = Λ3 with Λn>4 = 0. From
the corresponding n-point function we concentrate in the
following on the curvature dependent mass-parameter
µ(r) (from the graviton two-point function), the grav-
itational coupling g(r) (from the three-point function)
and the momentum-independent coupling λ3(r), which
are dimensionless and defined by
r = R¯/k2 , g = Gk2 ,
µ = −2Λ2/k2 , λ3 = Λ3/k2 . (8)
Here, R¯ denotes the background curvature. The beta
functions for these couplings are obtained by an appro-
priate projection procedure, where we concentrate on the
transverse traceless part of the flow, see [1]. The anoma-
lous dimensions for all fields are set to zero.
3We choose the regulator Rk proportional to the two-
point functions at vanishing cosmological constant and
background curvature
Rk = Γ
(2)
k (µ = 0, r = 0) · rk(∇¯2µ/k2) . (9)
The shape function rk is chosen to be an exponential
rk(x) =
e−x
2
x
. (10)
The gravity parts of the flows for g(r), µ(r) and λ3(r)
are the same as in [1], see App. B therein. In the present
matter-gravity system with minimally coupled scalars,
the flows of the graviton n-point functions receive contri-
butions from the scalars. Thus all flow equations depend
on the number of scalar fields Ns. For r = 0, this de-
pendence was already investigated in [41, 43]. Here, we
extend the analysis and consider the curvature depen-
dence of the couplings.
III. VERTICES AND TRACE EVALUATION ON
CURVED BACKGROUNDS
Propagators on a non-trivial background metric g¯ de-
pend on the Laplacian ∆g¯ ≡ −∇¯2 and on curvature in-
variants. For the hyperbolic or spherical background con-
sidere here, the dependence on the curvature invariants
reduces to a dependence on the background Ricci scalar
R¯, G ≡ G(∆g¯, R¯). All Laplacians can be expressed by
the scalar Laplacian and the Ricci scalar.
The higher-order vertices Γ(n≥3) also depend on covari-
ant derivatives ∇¯µ. In curved backgrounds the Laplacian
and the covariant derivative do not commute and the
lack of a common eigenbasis also determines the lack of
a momentum space. As in [1] we construct an approx-
imate momentum space. All covariant derivatives are
symmetrised, which produces further background curva-
ture terms
∇¯µ∇¯ν = 1
2
{∇¯µ, ∇¯ν}+ R¯-terms . (11)
The symmetrised covariant derivatives are expressed by
the spectral value of the Laplacian p2 and an spectral
angle x between them
∇¯1 · ∇¯2 = x
√
p21
√
p22 . (12)
The spectral angle depends non-trivially on the spectral
values of the covariant derivative and the background
curvature. Until here, we have not performed any ap-
proximation and we have simply stored the background
curvature dependence in the spectral angle. Now we ap-
proximate the spectral angle with the corresponding flat
spacetime angle x ≈ cos θflat. The flat spacetime an-
gles are integrated using the usual volume element of the
spacetime, such that the approximation becomes exact in
the limit R¯→ 0. In [1] it was estimated that this approx-
imation should give reasonable results for |R¯/k2| . 2.
The external spectral values of the three-point function
are evaluated at the symmetric point
p := |p1| = |p2| = |p3| , (13)
with the flat angle θflat =
2pi
3 between them. This proce-
dure leaves us with functions that depend on the Lapla-
cian and the background curvature, but not anymore on
the covariant derivative. The spectrum of the Laplacian
on hyperbolic or spherical backgrounds is known and the
traces can be evaluated using spectral sums (integrals)
for positive (negative) background curvature [9, 63, 64].
A. Positive curvature
For positive background curvature the spectrum of the
Laplacian is discrete. The dimensionless eigenvalues of
the scalar Laplacian are given by [63],
ω(`) =
`(`+ 3)
12
r , (14)
with multiplicities
m(`) =
(2`+ 3)(`+ 2)!
6l!
, (15)
for positive integers ` > 0. A trace of a function F that
depends on the Laplacian and the background curvature
is evaluated by
1
V
TrF (∆, r)→ r
2
384pi2
`max∑
`=2
m(`)F (ω(`), r) . (16)
The factor V = 384pi
2
r2 is the dimensionless four-sphere
volume. We cut the sum at some finite `max where the
sum is sufficiently converged. We further start the sum at
` = 2 and exclude the modes ` = 0, 1. This is correct for
the transverse-traceless mode of the graviton but an ap-
proximation for the trace mode. Our procedure does not
allow to distinguish between these modes. The approxi-
mation is well justified as the low modes only contribute
at large background curvature and we are interested in
the small curvature regime.
B. Negative curvature
For negative curvature spacetime is unbounded and
the spectrum of eigenvalues is continuous. For the scalar
Laplacian, the spectrum is given by [64],
λ(σ) =
|r|
12
(
σ2 +
9
4
)
, (17)
4with the spectral density
ρ(σ) =
[
σ2 +
1
4
]
σ tanh(piσ) . (18)
In this case a trace over a function F yields the spectral
integral
1
V
TrF (∆, r)→ 1
3
r2
384pi2
∫
dσρ(σ)F (λ(σ), r) , (19)
where again the volume prefactor gives the correct r → 0
limit.
C. Heat-kernel expansion
The beta functions of the coupling functions are par-
tial differential equations in the RG scale k and the back-
ground curvature r. The search for fixed-point functions
reduces the beta functions to ordinary linear differential
equations. We use a heat-kernel expansion about the flat
background to provide initial conditions to these differ-
ential equations.
The heat-kernel expansion for positive and negative r
is, in the case of a scalar Laplacian, given by
1
V
TrF (∆, r)→ 1
V
∫ ∞
0
dsTr
[
e−s∆
]
F˜ (s, r)
=
1
(4pi)2
(
Q2[F ] +Q1[F ]
r
6
+ ...
)
, (20)
where the Qn functionals for n > 0 are given by
Qn[F ] =
1
Γ(n)
∫ ∞
0
dλλn−1F (λ, r) . (21)
We compute the zeroth and first order in the background
curvature in order to have a smooth continuation to the
spectral sums and integrals at finite but small r.
IV. ASYMPTOTIC SAFETY
A. Pure gravity
We begin the discussion with the fixed-point functions
g∗(r), µ∗(r) and λ∗3(r) in the curvature regime |r| ≤ 2
without additional scalars. The fixed-point functions are
defined by the roots of the corresponding beta functions
βgi(r) = ∂tgi(r) as functions of r. The initial values
for the beta functions are extracted from a heat-kernel
expansion up to linear order in rg
∗(r)
µ∗(r)
λ∗3(r)
 =
 0.60−0.38
−0.12
+ r
−0.43−0.71
−0.13
+O(r2) . (22)
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Figure 1. Fixed-point functions g∗(r), µ∗eff(r) = µ(r) +
2
3
r
and λ∗3,eff(r) = λ3(r) +
1
12
r for Ns = 0.
In the following we work with the effective couplings
µeff(r) = µ(r) +
2
3
r , λ3,eff(r) = λ3(r) +
1
12
r , (23)
which are defined such that they include the explicit r de-
pendence in the corresponding graviton two-/three-point
function.
In Fig.1 we display the fixed-point functions in terms
of these effective couplings. Interestingly, the effective
couplings are almost curvature independent, except for
the Newton coupling. This means that the explicit cur-
vature dependence of the n-point functions is almost ex-
actly counterbalanced by the implicit curvature depen-
dence of the couplings. This was already shown in [1] for
positive curvature. Here we extend this non-trivial result
to negative curvature.
We emphasise that this non-trivial approximate
curvature-independence supports the expansion scheme
about flat backgrounds in pure gravity. This implies the
self-consistency of the flat-space angular approximation
used here. Both properties are highly welcome and pro-
vide non-trivial reliability checks for existing fluctuation
results.
B. Matter dependence
Let us now discuss the influence of Ns minimally cou-
pled scalar fields. This allows us to study whether
the independence of the fluctuation correlation functions
on the background carries over to gravity-matter sys-
tems. Moreover, gravity-scalar systems are known to
lose the asymptotically safe fixed point in the given ap-
proximation for a sufficiently large number of scalars
Ns ≈ 10−102 in an expansion about the flat background,
[40–44]. Note in this context, that a heat kernel expan-
sion in powers of the curvature is precisely the expan-
sion about the flat background. However, this breakdown
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Figure 2. Fixed-point functions g∗(r) (left), µ∗eff(r) (middle) and λ
∗
3,eff(r) (right) for Ns ∈ {0, 2, . . . , 16}. The darkest lines
correspond to Ns = 0 and lines become brighter with increasing Ns. The solid (dashed) line marks the solution to the quantum
EoM, which corresponds to a minimum (maximum).
happens for Ns, which are already beyond hard reliabil-
ity bounds of the approximations used in these works,
see [41, 59]. Moreover, in [59] it has been shown that in
the current approximation one should be able to map the
theory to a pure gravity setup, hinting at further deficien-
cies of the FRG-treatment in the given approximation.
Accordingly, it is also highly interesting to see whether
the non-trivial background at least partially takes care
of these deficiencies.
To begin with, our results for the flat background r = 0
are compatible with the results from [41]. There are small
differences due to the missing anomalous dimensions, the
different gauge and regulator shape function. In the
present approximation, we find that the fixed point at
r = 0 is vanishing at Ns ≈ 38, corroborating earlier find-
ings in [40–44]. The full curvature dependent fixed-point
functions are displayed in Fig.2. Naively, we find an even
stricter bound on the number of scalar fields since g∗(r)
diverges at finite negative curvature for Ns > 16. This
smaller bound is easily explained by the fact that the
Newton coupling rises towards negative curvature and
technically the disappearance of the asymptotically safe
fixed point in gravity-scalar systems is related to the di-
vergence of the Newton coupling. However, the latter
also leads to the breakdown of the current approxima-
tion as does the limit of sufficiently large curvature |r|.
The divergent behaviour of g∗(r) for r < 0 is possibly
triggered by neglecting the anomalous dimension in our
approximation. We have chosen a regulator Rk propor-
tional to the two-point function and hence proportional
to the wave-function renormalisation. In the UV the reg-
ulator scales as
lim
k→∞
Rk,h ∼ Zk,hk2 , (24)
which should tend to infinity. However, if the anomalous
dimension ηh = −∂t lnZk,h exceeds the value two this is
not the case anymore as the wave-function renormalisa-
tion scales as Zk,h ∼ k−ηh , which leads to a vanishing
regulator for k →∞. Consequently, we interpret the di-
vergence in g∗(r) as a breakdown of the truncation and
not as a physical bound on the compatibility of asymp-
totically safe gravity with scalar fields, following the ar-
gument in [41].
In turn, the effects of scalar fields on g∗(r) in the pos-
itive curvature regime are small. Accordingly, as in the
pure gravity the effective graviton mass parameter µ∗eff(r)
remains almost curvature independent and is only shifted
by a constant when scalars are included. For λ∗3,eff(r)
the fixed-point value at r = 0 is almost constant while
for positive curvature the fixed-point function decreases
while for negative curvature it increases when additional
scalar fields are included.
V. BACKGROUND EFFECTIVE ACTION AND
QUANTUM EQUATION OF MOTION
With the curvature-dependent fluctuation correlation
functions, we can compute the fixed point diffeomor-
phism invariant background effective action Γ∗[g]. For
constant curvatures the background effective action
Γk[g] = Γk[g, h = 0] is given by
Γ[g] =
∫
d4x
√
g k4f˜(r) = V f˜(r) , (25)
where V is the spacetime volume and f(R) = k4f˜(r).
From now on, we only discuss the dimensionless function
f˜(r). We drop the tilde for being coherent with the no-
tation in the literature. At vanishing cutoff scale, (25)
directly comprises the physics information of asymptot-
ically safe quantum gravity in terms of diffeomorphism-
covariant correlation functions Γ
(n)
k=0. As has been dis-
cussed in detail in [1, 65], for k 6= 0 there are two EoMs
to be considered: that of the background metric
δΓk
δg¯µν
∣∣∣∣
g¯=g¯EoM,h=0
= 0 , (26)
and that of the fluctuation field
δΓk
δhµν
∣∣∣∣
g¯=g¯EoM,h=0
= 0 . (27)
6Their respective solutions g¯EoM and g¯EoM agree for Rk =
0 due to the underlying diffeomorphism invariance, but
they differ for Rk 6= 0. The latter property reflects the
fact that the regularisation procedure in the functional
RG breaks diffeomorphism invariance despite the per-
sistence of diffeomorphism invariance of the background
effective action: only the Slavnov-Taylor identities with-
out the cutoff modification elevate the auxiliary back-
ground diffeomorphism invariance to physical diffeomor-
phism invariance carried by the symmetry properties of
the fluctuation field. This leads to the counter-intuitive
fact that for k →∞ it is arguably the EoM for the fluc-
tuation field carries the physics information. In turn, the
background EoM is regulator-dependent due to its depen-
dence on the background metric, while this dependence
is sub-dominant for the fluctuation EoM.
A. Background equation of motion
For constant curvatures, as in (25), the background
EoM is given by
Γ
(g¯tr)
k [g, 0] ∼ rf ′(r)− 2f(r) = 0 . (28)
The flow equation for f(r) is given by
∂tf(r) + 4f(r)− 2rf ′(r) =F (r, µ(r), Ns) , (29)
where we have denoted the right-hand side of the Wet-
terich equation with F , including the volume factor
from the left-hand side. Intriguingly, at the fixed point,
∂tf = 0, the left-hand side is proportional to the back-
ground EoM (28). Thus a root in F corresponds to a so-
lution of the background EoM. The function F depends
on µ(r) and Ns but not on the fixed-point functions of the
three-point vertex, g(r) and λ3(r). In the computation
of F we neglect the zero mode of the trace. This mode
develops an unphysical pole in our approximation, which
would not happen if we would disentangle µtt and µtr
or if we would use a more extended ansatz for the bare
action (1). The zero mode only contributes significantly
for large r and thus this is a good approximation.
We display the function rf ′(r) − 2f(r) at the fixed
point in Fig. 3. A zero of this function corresponds to
a solution of the background EoM, see (28). There are
no solutions to the background EoM for any background
curvature and any number of scalar flavours. This is ex-
tending the results from [1], where the same result was
found for positive curvature and without scalar fields. We
can compare this to results in the background field ap-
proximation. There different results have been obtained
depending on the choice of regulator and parameterisa-
tion. For example in [30] with the linear split, only a
solution at large negative curvature was found, compat-
ible with our results. However, in [39, 66], two further
solutions at positive curvature were found due to a differ-
ent choice of regulator. A solution at positive curvature
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Figure 3. Background EoM for different number of scalar
fields.
was also found in [31] and with the exponential parame-
terisation in [33]. Importantly, we see that the existence
of a solution to the EoM might crucially depend on the
matter content of the theory. This was already partially
discussed in [1, 38].
B. Quantum equation of motion
We now turn to the quantum EoM given in (27), which
is the more important EoM for the reasons discussed
above. The fluctuation one-point function can be param-
eterised analogously to the background effective action in
(25). Only the trace-part is non-vanishing for constant
curvature metrics. We arrive at
Γ
(htr)
k [g, 0] =
∫
d4x
√
g k3f1(r) =
V
k
f1(r) , (30)
where the spatial integration can be performed because
the curvature scalar is constant. The flow of Γ
(htr)
k is
obtained in the same way as for the two- and three-
point functions and at the fixed point we are left with
an ordinary differential equation for f∗1 (r). The initial
conditions for f1(r) are again obtained by a heat-kernel
expansion. The quantum EoM reduces to
Γ
(htr)
k [g, 0] ∼ f1(r) = 0 . (31)
The flow equation for f1(r) is given by
∂tf1(r) + 3f1(r)− 2rf1′(r) =F1(r, µ(r), Ns) , (32)
where we have denoted the right-hand side of the Wet-
terich equation by F1 again including the volume factor
from the left-hand side. Note the difference to (29) due
to the mass dimension of the fluctuation field.
We display the fixed-point functions f∗1 in Fig. 4. For
all Ns, we find two solutions to the quantum EoM, one at
negative curvature and one at positive curvature. It turns
out that the solution at negative curvature is a minimum,
while the one as positive curvature is a maximum. For
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Figure 4. Quantum EoM for different number of scalar fields.
increasing Ns these solutions move towards each other,
however, just before they merge, we lose the solution of
the fixed-point functions as shown in Fig.2.
The stability of a solution to the quantum EoM is de-
scribed by the second fluctuation field derivative, in this
case with respect to the trace mode. The function f2,
which is defined in straight analogy to (25) and (30), is
precisely the graviton mass parameter of the trace mode
µtr(r). In our approximation, we have set µtr(r) = µtt(r).
In Fig. 5, we display µtr(r). We have a negative µtr for
the solution at positive curvature, which is thus a maxi-
mum. The solution at negative curvature starts negative
but then becomes positive in this naive approximation.
This is an unphysical feature of our approximation and
we expect this to be cured once the fully coupled sys-
tem with µtr(r) is computed. We test this by evaluating
µtr(r = 0) on the solution of the given fixed-point func-
tions. This allows us to improve our approximation and
we can evaluate the trace mode by
µtr(r) ≈ µtr(0) + [µtt(r)− µtt(0)] . (33)
For Ns = 0, we find that µtr(r) ≈ µtt(r), while for
Ns = 16 they are shifted by µtr(r) ≈ µtt(r) − 0.2. We
included this shift in Fig. 5 where now the solution at
negative curvature is a minimum for all Ns. It is actu-
ally remarkable that the two graviton mass parameters,
µtt and µtr, agree so well, in particular for small Ns,
despite being related by non-trivial modified Slavnov-
Taylor identities. This is yet another sign of effective
universality as introduced and discussed in [17, 43].
C. Asymptotic behaviour and stability of
scalar-gravity systems
The functions f and f1 are not independent but are
related by modified Slavnov-Taylor and Nielsen (or split
Ward) identities [43, 67–75]. These identities carry Rk-
dependent terms that reflect the additional g¯-terms in
f(r) originating in the background dependence of the
−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−1
0
1
∆µtr(Ns = 0)
∆µtr(Ns = 16)
r
f
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)
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Figure 5. Stability of the solutions to the EoM. We included
a shift in the µtr mode according to (33).
regulator. For Rk 6= 0 these identities are non-trivial.
However, the right-hand sides of the flow equations for
f(r) and f1(r), (29) and (32), vanish for |r| → ∞, i.e.,
for curvatures far bigger than the square of the cutoff
scale, k2, with the exception of possible zero modes. In
this limit, the regulator is vanishing, limr→∞Rk(g¯)→ 0,
and we are in the unregularised regime without cutoff
effects. Within the present approximation the effective
action is diffeomorphism invariant for large curvatures,
limr→∞ Γ∗[g¯, h]−Sgf = Γ∗[g¯+h, 0]−Sgf, with vanishing
ghosts.
The right-hand sides of the flow equations for f(r) and
f1(r) are vanishing for large curvatures and consequently,
both, the background and the quantum EoM, asymptot-
ically approach a solution. Moreover, these solutions to
the EoMs have to agree, g¯EoM = g¯EoM, due to the dif-
feomorphism invariance of the effective action for large
curvatures. This also entails that for |r| → ∞ the fixed-
point solutions f∗1 and f
∗ are related by a metric deriva-
tive, which leads to
f∗1 (r) = rf
∗′(r)− 2f∗(r) for |r| → ∞ . (34)
Now we use that the fixed-point solution of f(r) is
asymptotically either vanishing, f(|r| → ∞) = 0, or
f(|r| → ∞) ∝ r2, see (29). In both cases is fol-
lows that f1(|r| → ∞) = 0. The differential equa-
tion (32) also allows for the solution f1(|r| → ∞) ∝
|r|3/2, which is not compatible with the Nielsen identi-
ties. Whether the fixed-point functions in Fig.4 have the
correct f1(|r| → ∞) = 0 behaviour depends on µeff(r). In
turn, µeff(r) = f2(r) is also constrained by a Nielsen iden-
tity, leading to f∗2 (r) = rf
∗
1
′(r)−2f∗1 (r) for |r| → ∞. The
differential equation for µeff allows again for two asymp-
totic solutions, µeff(|r| → ∞) = 0 or µeff(|r| → ∞) ∝ |r|.
Only µeff(|r| → ∞) = 0 is compatible with the Nielsen
identity. In conclusion, we can determine the asymptotic
behaviour of the full tower of differential equations with
the use of Nielsen identities.
With the latter properties, the fixed-point fluctuation
Newton coupling g∗(r) equals the background Newton
8coupling for r → ∞. They are positive and decay pro-
portional to 1/r for positive curvature, see Fig. 2. This
entails a positive r2 contribution in the background po-
tential for large positive background curvature, r/g∗(r) ∝
r2. We determined the large curvature behaviour to be
lim
r→∞ g
∗(r) =
c+
r
, (35)
with
c+ = 0.92− 8.6 · 10−3Ns − 3.4 · 10−4N2s . (36)
This behaviour was determined from the available fixed-
point solutions with Ns = 0, . . . , 16. For Ns > 41 this
coefficient turns negative indicating the breakdown of the
extrapolation. The coefficient can never become negative
since the flow equation for the Newton coupling has a
Gaußian fixed point.
In summary, this analysis leads us to the following
global picture. For |r| ≤ 2 we find two solutions of the
quantum EoM, a minimum at negative curvature and
a maximum at positive curvature. For Ns ≈ 17 these
solutions merge and disappear, see Fig. 4. For reasons
of stability and due to the above considerations of the
asymptotic behaviour, we argue that at least one further
solution to the EoM (a minimum) has to be present for
r > 2. While it might not be the absolute minimum in
pure quantum gravity and small Ns, it is for large enough
Ns as the other minimum disappears. Importantly, for
large positive curvature, the fixed point has a nice sta-
ble behaviour and the Newton coupling remains small for
large Ns, see Fig.2. This leads to the important and ex-
citing conclusion that the dynamics of gravity stabilises
the fixed point and effectively dominates over the matter
fluctuations. This has first been seen and discussed in
[41] and extended in [59]: one force to rule them all. In
[41] the respective behaviour for fermions with a decreas-
ing Newton coupling was already seen at r = 0. In turn,
for scalars, this behaviour was not seen at r = 0 and the
approximation breaks down for large Ns due to the in-
creasing fixed-point value of the Newton coupling. The
present scenario hints at a geometrical first-order phase
transition in the curvature with the number of scalars.
This scenario will be investigated in more details else-
where.
VI. SUMMARY AND OUTLOOK
In the present work, we have discussed fixed-point so-
lutions of quantum gravity including an f(r)-term for
constant background curvatures r ∈ R with minimally
coupled scalar fields. This extends the work initiated in
[1] to negative curvatures, r < 0. In [1], a novel expan-
sion scheme was put forward that allows for the compu-
tation of (background) curvature-dependent correlation
functions of the fluctuation field. This gives access to
the diffeomorphism invariant background effective action
and, in particular, the f(r) potential without resorting
to the background-field approximation.
We found fixed-point functions for the couplings of the
graviton two- and three-point functions, g(r), µ(r) and
λ3(r), up to Ns = 16. For larger Ns, there is a divergence
in the Newton coupling at negative background curva-
ture. This divergence is not a physical feature but signals
the breakdown of the truncation. Indeed, we found that
the system is remarkably stable for positive background
curvature. We emphasise that this can be seen as an
indication for the persistence of the asymptotically safe
UV fixed point for Ns →∞.
We have discussed the solution to the background and
quantum EoM for curvatures |r| . 2 as well as their
asymptotic behaviour. The background EoM has no so-
lution in this curvature regime for any Ns. The quantum
EoM has two solutions for Ns ≤ 16 in this regime, a min-
imum at negative background curvature and a maximum
at positive background curvature. We have argued that
the global structure of the fixed-point solution should ad-
mit a second minimum at large positive curvatures also
for large Ns. Since the fixed-point solutions are well be-
haved in this curvature regime and the Newton coupling
remains small, this stabilises asymptotically safe gravity
for a large number of scalars in line with the mechanism
introduced in [41, 59]: one force to rule them all. The
disappearance of the minimum at negative curvature can
be interpreted as a hint for a geometrical first-order phase
transition with the number of scalars.
In summary, together with earlier results on matter-
gravity systems with only gravitationally interacting
matter, also including fermions and gauge bosons, we
conclude that there are indications for the global sta-
bility of gravity-matter systems. This is an important
result as, for the first time, we can pinpoint why previ-
ous works [40–44] have observed a seeming divergence in
the Newton coupling with increasing Ns. With an ex-
pansion about the minimum at large positive curvature
these systems should show the stability properties that
have been derived from the path-integral representation
in [59]. This now allows for a reliable discussion of the
stability of gravity-matter systems and phenomenologi-
cal high energy and phenomenological applications such
as [76–78].
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